The binary phase diagrams were estimated by Redlich-Kister expression. La 4.67 Si 3 O 13 (=La 4.67 (SiO 4 ) 3 O) was introduced to improve the existing phase diagrams. The Al 2 O 3 -SiO 2 -La 2 O 3 ternary phase diagram extrapolated by Kohler method was optimized. Then, the liquidus of Al 2 O 3 -SiO 2 -La 2 O 3 system at 1600 • C was compared with Al 2 O 3 -SiO 2 -RE 2 O 3 (RE = Rare Earth Elements) systems and experimental results in other literature. The high temperature experiments were conducted in the tube furnace at 1500 • C. Then the field emission scanning electron microscope (FE-SEM), energy dispersive spectrometer (EDS), and X-ray diffraction (XRD) were employed to verify the calculated liquid region and precipitates phase at 1500 • C. Moreover, the liquidus of binary systems were compared with FactSage results and experiments. The optimized ternary phase diagram shows the relatively reliable region of liquid phase, and it is significant to the seal glass of solid oxide fuel cells and other fields being related to RE containing silicates.
Introduction
Aluminosilicate glasses containing rare-earth (RE) elements have been suggested for various applications owing to its favorable chemical, mechanical and optical properties and so on [1] [2] [3] . They can constitute host materials in optical devices and are proposed for radioactive waste-storage [4] . Moreover, RE-bearing silicate glass is the favorable material to be the seal glass for solid oxide fuel cells (SOFC) owing to the critical thermal properties [5] . RE 2 O 3 -Al 2 O 3 -SiO 2 systems reveal relatively wide glass formation regions when prepared from melts of given compositions between approximately 1500 • C and 2000 • C [6, 7] . To well understand the glass formation region and the associated microstructure and reaction thermodynamics of the mentioned system, an explicit phase diagram of RE 2 O 3 -Al 2 O 3 -SiO 2 systems can provide precise information of these. However, few of experimental data of the phase diagrams are available to present the liquid region (homogeneous glass formation region) in RE 2 O 3 -Al 2 O 3 -SiO 2 systems (RE elements are mainly La [8] , Y [9] [10] [11] [12] and Gd [11, 12] ) and the nonstoichiometric phases in each binary system. Mullite and spinel are always formed simultaneously or in order in the Al 2 O 3 -SiO 2 system [13] . The oxyapatite phase is found in the La 2 O 3 -SiO 2 system [14] . The RE 2 O 3 -Al 2 O 3 -SiO 2 systems (RE = Nd, Sm, Gd and La) were computed by simplified thermodynamic properties associating with symmetric extrapolated expression [15] [16] [17] .
Calculation Method and Experimental Procedure
The phase boundary lines in phase diagrams are definitely drawn by connecting a series of equilibrium points at the given temperature and pressure. Every equilibrium point is carefully calculated based on the total Gibbs principle of minimum free energy under some constraints. The totally absolute Gibbs free energy of mixed system can be written as
where x i is the mole fraction of component i; G 0 i is the standard Gibbs free energy of pure substance i, J·mol −1 ; R is the gas constant, 8.314 J mol −1 ·K −1 ; T is the temperature, Kelvin; and G E is excess Gibbs free energy, J·mol −1 .
The G 0 i can be derived by Gibbs-Helmholtz expression, G = H − TS, from essential thermodynamic properties, such as standard enthalpy, standard entropy and isobaric heat capacity. The referable data mentioned above related to the base members in this work are listed in Table 1 . For some substances such as LaAlO 3 of which applicable temperature is out of the scope for direct calculation, the extrapolation based on the C p expression is adopted in the current optimization process. Table 1 . Thermodynamic properties of pure substances.
Formula
Phase [27] .
Materials 2020, 13, 450 4 of 16 G E in Equation (1) is the most important parameter to represent the interaction of components except for entropy value increase contributed by ideal mixture. In the present work, it can be obtained in the binary system by the Redlich-Kister expression as follows,
where L j (j = 0, 1, 2, . . . ) is the interaction energy or interaction parameter between two end members. It can be written in the general form of Gibbs free energy as follows,
where a, b, c, d, e, and f are the constant parameters usually obtained through empirical or semi-empirical method. Only the first two parameters a and b are considered and optimized later in this work as the deviation is acceptable in this situation. The commercial software FactSage 7.1 which is popular in phase diagram optimization by CALPHAD technique was applied to conduct the optimization process and also used to draw the final phase diagrams according to the user-define database. All the thermodynamic properties in Table 1 were included in the user-define database. The data of solid solution phase "mullite" was chosen from the FToxid database which is strong in the calculations of mixed oxides systems. These existing experimental data in the available literature, such as liquidus temperature and activity, were adopted to assess the calculation results in the binary phase diagrams. The modules, Solution, Equilib, Phase Diagram, and OptiSage, were employed to achieve the parameters optimization and phase diagrams calculation. Then, the calculated data points were export to the software Origin 8. After the G E values of binary phase diagrams were obtained, the extrapolation portion of La 2 O 3 -Al 2 O 3 -SiO 2 ternary phase diagram was derived by Kohler method. Considering that the results calculated by extrapolation methods are not accurate enough, an additional G E parameter optimized from the ternary eutectic temperature of La 2 O 3 -Al 2 O 3 -SiO 2 system was introduced to correct the deviation.
When the ternary phase diagram of La 2 O 3 -Al 2 O 3 -SiO 2 system were worked out, the liquid region of the system at 1600 • C was compared with the experimental results in published references. At the same time, validation experiments of liquid region at 1500 • C were carried out in a tube furnace heated by MoSi 2 rods, the schematic of which is shown as Figure 1 . The Al2O3, SiO2, and La2O3 powders with the purity of 4 N supplied by Sinopharm Chemical Reagent Company were pretreated in the Muffle furnace at 1000 °C for 2 h to remove moisture, impurity and volatiles. Then the material powders were grinded and sieved. The particles with the size less than 74 μm were intensively mixed in the agate mortar at the given mole ratios (as the 18 experimental points marked in the figures later). One gram of individual sample was taken from the evenly mixed powders and then transferred into a Mo crucible with the inner diameter of 1 cm and wall thickness of 1 mm. The powdered sample in the Mo crucible was compacted by the glass road and then pricked with stainless steel needle to make holes to avoid eruption during the heating process. Afterwards, the Mo crucible hung by the Mo wire was placed into a tube furnace at ambient temperature under argon atmosphere at a flow rate of 5.0 L·min −1 . Then, the furnace was heated up and held at 1600 °C for 1 h to pre-melting and to ensure the totally uniformity of the sample at good flow conditions. Thereafter, the furnace temperature was slowly decreased to 1500 °C and held for 2 h. Subsequently, the holder at the top side of furnace was loosened and the sample rapidly fall under gravity to be quenched into ice water from 1500 °C to 0 °C through the bottom side of furnace as shown in Figure 1 . The obtained sample was mounted in the ethoxyline resin and polished by various scale of abrasive paper and polishing cloth in order under the aid of grinding paste SiC. Gold powder was sprayed on the polished surface of sample to ensure the electrical conductivity before the following analysis. Finally, the FE-SEM with EDS and XRD were used to determine the morphology, chemical composition and mineral phase of the quenched sample.
Results and Discussion

Binary Phase Diagram of Al2O3-SiO2-La2O3 System
When the Redlich-Kister expression based on subregular solution model and Kohler method were employed to optimize all the binary systems, the related interaction parameters were worked out and are listed in Table 2 and all the binary phase diagrams are present in Figure 2 . The Al 2 O 3 , SiO 2 , and La 2 O 3 powders with the purity of 4 N supplied by Sinopharm Chemical Reagent Company were pretreated in the Muffle furnace at 1000 • C for 2 h to remove moisture, impurity and volatiles. Then the material powders were grinded and sieved. The particles with the size less than 74 µm were intensively mixed in the agate mortar at the given mole ratios (as the 18 experimental points marked in the figures later). One gram of individual sample was taken from the evenly mixed powders and then transferred into a Mo crucible with the inner diameter of 1 cm and wall thickness of 1 mm. The powdered sample in the Mo crucible was compacted by the glass road and then pricked with stainless steel needle to make holes to avoid eruption during the heating process. Afterwards, the Mo crucible hung by the Mo wire was placed into a tube furnace at ambient temperature under argon atmosphere at a flow rate of 5.0 L·min −1 . Then, the furnace was heated up and held at 1600 • C for 1 h to pre-melting and to ensure the totally uniformity of the sample at good flow conditions. Thereafter, the furnace temperature was slowly decreased to 1500 • C and held for 2 h. Subsequently, the holder at the top side of furnace was loosened and the sample rapidly fall under gravity to be quenched into ice water from 1500 • C to 0 • C through the bottom side of furnace as shown in Figure 1 . The obtained sample was mounted in the ethoxyline resin and polished by various scale of abrasive paper and polishing cloth in order under the aid of grinding paste SiC. Gold powder was sprayed on the polished surface of sample to ensure the electrical conductivity before the following analysis. Finally, the FE-SEM with EDS and XRD were used to determine the morphology, chemical composition and mineral phase of the quenched sample.
Results and Discussion
Binary Phase Diagram of Al 2 O 3 -SiO 2 -La 2 O 3 System
When the Redlich-Kister expression based on subregular solution model and Kohler method were employed to optimize all the binary systems, the related interaction parameters were worked out and are listed in Table 2 and all the binary phase diagrams are present in Figure 2 . Table 2 . Optimization parameters of the binary systems. 
The SiO2-Al2O3 System
To study the stable phases in the SiO2-Al2O3 system, various models were introduced and the "mullite" region was considered as solution phase or pure substance in previous researches. In 1979, the SiO2-Al2O3 phase diagram was calculated by DÖrner using regular solution model [28] . However, the liquidus was different from the available experimental results. Thereafter, the Gibbs free energy of mixing liquid was introduced using an associated solution model by Ball in 1993 [29] . The mullite region is in good agreement with the experimental results. At the same time, Eriksson conducted the calculation using modified quasi-chemical model [30] and the results were acceptable. In 2005, the two-sublattice model was adopted to calculate the SiO2-Al2O3 system and the optimized results coincide well with the experimental data. Besides, when the mullite was considered as pure substance, the calculated liquidus of Al2O3-SiO2 system showed more accuracy [15, 31] . In present work, the mullite data form FactSage database was introduced and the solution phase was calculated by Redlich-Kister expression. The calculated SiO2-Al2O3 phase diagram was shown as Figure 2a [32] [33] [34] [35] [36] . The dash line in Figure 2a is the liquidus worked out by FactSage 7.1 when the solution phase was chosen form FToxide database. It is obvious that the liquid region calculated by Redlich-Kister expression is almost the same as the FactSage result. In addition, the experimental points employed conformably meet the calculated liquidus.
When the pure liquid phase was chosen as the standard state, the activity of SiO2 was calculated and compared with the FactSage and others' results at 1877 °C, as shown in Figure 3a [37, 38] . The activity of SiO2 worked out by different calculation (Mao, FactSage, and present work) adopted different models are nearly coincident. The calculated curves show the same tendency with the experimental results by BjÖkvall et al. Figure 3b shows the calculation results of Al2O3 activity at 1877 °C [36, 37, 39] , when the pure solid phase was chosen as the standard state. The experimental points by Toropov et al. show the pure solid Al2O3 formation site as the Al2O3 content increase at 1877 °C and the Al2O3 activity is definitely 1. The variation trend of Al2O3 activity calculated by FactSage and in present work are consistent and the activity value reaches 1 at the same point (66% of Al2O3 in 
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When the pure liquid phase was chosen as the standard state, the activity of SiO 2 was calculated and compared with the FactSage and others' results at 1877 • C, as shown in Figure 3a [37, 38] . The activity of SiO 2 worked out by different calculation (Mao, FactSage, and present work) adopted different models are nearly coincident. The calculated curves show the same tendency with the experimental results by BjÖkvall et al. Figure 3b mole fraction). Generally, the optimized SiO2-Al2O3 system by Redlich-Kister expression is accurate according to the above comparison. 
The La2O3-Al2O3 System
Only a few of experimental studies and calculations on the phase diagram La2O3-Al2O3 system are published so far. The La2O3-Al2O3 phase diagram was calculated using quasi-chemical model by Wu in 1992 [20] , and using Redlich-Kister expression by Li [15] . However, the fusion enthalpy and entropy in the work of Li et al. are simplified to temperature-independent constants. The more precise [11] . However, the adoptive compound was La 4 Si 3 O 12 . Kim only calculated the two-liquid region by Redlich-Kister expression [44] . However, the number and values of parameters given by Li and Kim are completely different. In this work, La 2 Si 2 O 7 , La 2 SiO 5 , and La 4 Si 3 O 12 were chosen as the intermediate compounds which were found in the equilibrium experimental results as shown in Figure 5 later. Since the available experimental points are from Toropov and Bondar, the interaction energy of solution phase and derived thermodynamic parameters of silicates were optimized. The calculated phase diagram is presented in Figure 2c [45, 46] . It can be seen that most of the experiment points have a good agreement with the calculation results.
Ternary Phase Diagram of Al 2 O 3 -SiO 2 -La 2 O 3 System
After all the binary phase diagrams of Al 2 O 3 -SiO 2 , La 2 O 3 -Al 2 O 3 , and La 2 O 3 -SiO 2 systems were worked out, the thermodynamic property of Al 2 O 3 -SiO 2 -La 2 O 3 system was extrapolated by Kohler method. In 1999, Li published this ternary phase diagram when the ternary interaction coefficients of solution phases were set to zero [11] . Consequently, the calculated results were distinct from others studies. In the present work, the ternary coefficients were calculated through references to the ternary eutectic temperature 1380 • C [7] Figure 4b shows the calculated isothermal section diagram at 1500 °C associating with the experimental results in the tube furnace. All the 18 prepared samples were observed and the symbols with the same shape indicate the same precipitated phase. For example, four solid squares located at the top left corner mean the precipitated phase analyzed by EDS and XRD is La2Si2O7. The micromorphology and phase compositions of quenched samples marked with circles in Figure 4b are given in Figure 5 , and the elements ratio of EDS results of detecting points in Figure 5a , such as A1, B1, and D, are listed in Figure 5b . The compounds predicted from EDS results and XRD analysis are Figure 4b shows the calculated isothermal section diagram at 1500 • C associating with the experimental results in the tube furnace. All the 18 prepared samples were observed and the symbols with the same shape indicate the same precipitated phase. For example, four solid squares located at the top left corner mean the precipitated phase analyzed by EDS and XRD is La 2 Si 2 O 7 . The micromorphology and phase compositions of quenched samples marked with circles in Figure 4b are given in Figure 5 , and the elements ratio of EDS results of detecting points in Figure 5a , such as A1, B1, and D, are listed in Figure 5b . The compounds predicted from EDS results and XRD analysis are also given in Figure 5b . For the 18th sample ( in Figure 4b) , the peak of Al 2 O 3 can be detected although the main phase is LaAl 11 O 18 . As the magnified image of the 5th picture shown in Figure 5a , some darker precipitates are present on the lighter phase. It was hard to distinguish the Al 2 O 3 phase and LaAl 11 O 18 phase from the EDS analysis because of the limited resolution of FE-SEM. However, both the Al 2 O 3 and LaAl 11 O 18 phases are detected from the XRD analysis.
It can be seen from Figure 4b that the precipitates of experimental results are located in the corresponding primary crystal region of calculated phase diagram. The homogenous liquid phase points all locate within the region of liquidus at 1500 • C except for the rightmost point. It is easily concluded from Figure 5b that also given in Figure 5b . For the 18th sample (★ in Figure 4b ), the peak of Al2O3 can be detected although the main phase is LaAl11O18. As the magnified image of the 5th picture shown in Figure 5a , some darker precipitates are present on the lighter phase. It was hard to distinguish the Al2O3 phase and LaAl11O18 phase from the EDS analysis because of the limited resolution of FE-SEM. However, both the Al2O3 and LaAl11O18 phases are detected from the XRD analysis.
(a) It can be seen from Figure 4b that the precipitates of experimental results are located in the corresponding primary crystal region of calculated phase diagram. The homogenous liquid phase points all locate within the region of liquidus at 1500 °C except for the rightmost point. It is easily concluded from Figure 5b that the precipitated phase in the La2O3-SiO2 system is not La4Si3O12 but La4.67Si3O13, which is recognized as La9.33Si6O26 in the XRD results.
Summing up the above comparison of calculated phase diagram with the experimental results in former literature at 1600 °C and equilibrium experimental results at 1500 °C, it is obvious that the optimized thermodynamic parameters are reliable and the extrapolated Al2O3-SiO2-La2O3 phase diagram is reasonably precise. Therefore, the liquidus and isothermal sections of 1600 °C and 1700 °C are summarized in Figure 6 . As shown in Figure 6c , two-liquid region (L + L') is emerged in the isothermal section diagram of 1700 °C. 
